Mathematica 11.3 Integration Test Results

Test results for the 17 problemsin "1.2.3.5 P(x) (d x)*m (a+b x"n+c
xM2 n)) p.m"

Problem 1: Result is not expressed in closed-form.
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Result (type 7, 223 leaves):
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Problem 2: Result more than twice size of optimal antiderivative.
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Optimal (type 5, 124 leaves, 3 steps):
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Problem 4: Result more than twice size of optimal antiderivative.
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Optimal (type 5, 404 leaves, 11 steps):
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Problem 5: Result more than twice size of optimal antiderivative.

dx

Jd+ex+1‘:x2+gx3

a+bx"+cx?"

Optimal (type 5, 545leaves, 13 steps):
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Problem 6: Result more than twice size of optimal antiderivative.
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Problem 7: Result more than twice size of optimal antiderivative.
d+ex
J dx
(a+bx“+cx2“)2

Optimal (type 5, 738 leaves, 15 steps):
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a(*b2+4ac>n Vb2-4ac _ -b-n/b?-4ac X

2c

-1/n

1 -1+n -b+vb2-4ac 1 5
1|+ b*d x

1
Hypergeometric2F1 [— — = )
n.n n 2¢ {_ ~biy/b?dac . n

2c

-1/n
x" 1 1 -1+n -b-+vb2-4ac
1- Hypergeometric2F1[- =, - =, =, - ] /
_ -b-y/b*-4ac o XN n n n 2¢ ( -b-~/b’-4ac +xN
2c 2c
b(-b-vb>-4ac (—b—\/b2—4ac)2
+ +

2c¢C 2c¢C

-1/n
x" 1 1 -1+n -b+b*-4ac } /

1- Hypergeometric2F1[- =, - =,

Bl
n n n
_ -b+ b2-4ac X" 2 ¢ _ -be+ b2-4ac X
2c 2c
2
b(—b+\/b2—4ac) (—b+\/b2—4ac)
+ - 4cdx
2c 2c -b%*+4ac
-1/n

1
1- Hypergeometric2F1l|- —, - —, B
_ -b—y b2-4ac L xn n n n 2¢ |- -b-4/b2-4ac XN
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b(-b-vw-4ac) (—b-vw-4ac)2

+ +
2c 2c
-1/n
X" 1 1 -1+n -b+/b%2-4ac
1- Hypergeometric2F1[- =, - =, s - ] /
2c 2c
2
b(—b+Vb2—4ac) (—b+Vb2—4ac) 1
. - b? d x
2¢ 2c a(-b*+4ac)n
-1/n
x" 1 1 -1+n -b-+b?2-4ac
1- Hypergeometric2F1[- =, - =, ’ - ] /
n n n
2c 2c
2
b(fbfvﬁffIEF) (7b—VETTI§?)
+ +
2c 2c
-1/n
X" 1 1 -1+n -b+vVb2-4ac
1- Hyper‘geometr‘iCZFl[f*,f*, > - } /
_ -b+y/b%-4ac XN n n n 2¢ -b+\/b?-4ac XN
2c 2c
2
b(-b+Vbi-4ac| (-b+Vb?-4ac| 1
+ + 2cdx
2¢c 2¢c (-b2+4ac)n
-1/n
X" 1 1 -1+n -b-+/b?>-4ac
1- Hypergeometric2F1[- =, - =, ’ - ] /
2c 2c
2
b(—b—Vb2—4ac) (—b—Vb2—4ac)
+ +
2c 2c
-1/n
X" 1 1 -1+n -b++vb?-4ac
1- Hypergeometric2F1[-~, - =, s - ] /
C

2c
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b (-b+b?-4ac| (—b+\/b2—4ac )2

+
2c 2c

Problem 8: Result more than twice size of optimal antiderivative.

drex+fx?
J dx
(a+bx"+cx2”)2

Optimal (type 5, 1194 leaves, 24 steps):
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dx(bz—Zac+bcx”) exz(b2—23c+bcx”) -Fx3(b2—2ac+bcx“>

a (b2—4ac> n <a+bx”+cx2”) +a (b2—4ac) n (a+bx“+cx2“) +a (b2—4ac> n <a+bx”+cx2")

(cd (4ac (1-2n)-b®> (1-n) -b+/b*>-4ac (1-n)

1 1 2cx"
N ——]]/(a (b2—4ac) (b2—4ac—bw/b2—4ac)n)—
n N b-+b2-4ac

(cd(4ac(1—2n)—b2 (1-n) +b+/b*-4ac (1-n)

x Hypergeometric2F1|[1,

1
x Hypergeometric2F1[1, —,

n
1 2¢cx"
1+ ]]/[a (b*-4ac) (b274ac+bm] n),
" beboaac
ce(4ac (1-n)-b>(2-n)) x*Hypergeometric2F1[1, 3, 2+n,_ 2ex! ]J/
' 0T b VB aac
(a (b*-4ac) [b2—4ac—bm nl -
(ce<4ac(1n)b2 (2-n)) x* Hypergeometric2F1|[1, E, 2+n,7 2ext ]]/
no.n b+Vb2-4ac
(a (b*-4ac) [b2—4ac+bm nl_
n
(Zcf(zac(g_zn)_bz (3-n)) x* Hypergeometric2Fi[1, i, 3+n,_ 2Cx }J/
non b-vVb2-4ac
(3a(b274ac) [b274acfbm)n _
(Zcf (2ac (3-2n) -b® (3-n)) x> Hypergeometric2F1|1, z, 3+n, - 2ext }]/
non b+vVb2-4ac

(3a (b2—4ac) [b2—4ac+bx/b2—4ac ) n) -
1

) ) . 2+n 2cx"
2bc?e (2-n) x*"Hypergeometric2F1[1, —, 2 (1+ —], -—] /
n b

(a (b2—4ac>3/2 (b—m] n(2+n))+

[2 bc?e (2-n) x**"Hypergeometric2F1[1, ——

e == 1]
(a (b2—4ac>3/2 (b+M] n (2+n)) _

2bc2f (3-n) x>'"Hypergeometric2F1[1, *", 2+ %, -2 ]

a (b2—4ac)3’/2 (b—\/b2—4ac ) n(3+n)

2bc2f (3-n) x**"Hypergeometric2F1[1, *", 2+ i, -2 ]

n b+v/b%-4ac

a (b274ac)3/2 <b+\/b274ac ) n(3+n)

Result (type 5, 6525 leaves):
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b? e x2 2cex? b? e x2 2cex?
2a? (-b2+4ac) 7a(—b2+4ac) 7a2<—b2+4ac)n+a(—b2+4ac)n+
e(2b’-4ac-b’>n+d4acn)x? b2 f x3 4cfxd b2 f x3
2a? (-b?+4ac)n +3a2 (-b*+4ac) 73a(—b2+4ac) 7a2<—b2+4ac)n
2¢cfx3 f(3b?-6ac-b>n+4acn)x®* x(d+ex+fx?) (-b?+2ac-bcx")
a(fb2+4ac)n+ 3a? (-b2+4ac)n ' a(-b2+4ac)n(a+bx"+cx?") )
~3/n
! bcfx3n (x”)%}%‘ - ! X!
3a(-b’+4ac) Vbi-4dac _bofbaac
2c

) 3 -b-+/b’>-4ac 1
Hypergeometric2F1[- =, - =, s - ]+
n n n -b-+/b?-4ac o vb%2-4ac

2c |-
2c

| w
I
w
+
=

-3/n
3 3 -34+n -b++vb%-4ac ]
4

Xn
Hypergeometric2F1[- =, - =, -
_ by b2-4ac XN n n n 2 ¢ (_ -b+y/b2-4ac xN
2c 2c
-3/n
1 3 3m 1 x"
bcfx> (x") |- Hypergeometric2Fi |
a(*b2+4ac>n Vb%2-4ac _ -b-y/b>-4ac X
2c

-3/n

3 -3+n -b++vb?-4ac 1 2 e 3
1|+ b* £ x

3
Hypergeometric2F1 [— — = )
n.n n 2¢ {_ ~bey/bPdac . n

-3/n
3 -3+n -b-+vb2-4ac ] /

x" 3
1o Hypergeometric2F1[- =, - =, L
,M+Xn n n n - (@ern
2c o
o (b Vb gac) (b b dac)’
* +

2c¢C 2c¢C
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-3/n
x" 3 3 -3+n -b++/b?-4ac
1- Hypergeometric2F1[- =, - =, MLLES : }/
_fb+3{bz—4ac X" n n n 2 ¢ _—b+3{b2—4ac X"
2c 2c
b(-b+vb?-2ac| (-bsyb2-dac)’ 1
+ - 4ctx®
2c 2c¢ 3 (-b*+4ac)
-3/n
x" 3 3 -34+n -b-+/b2-4ac
1- Hypergeometr‘icZFl[—f,—f, ’ y - ]/
_7b1[2:4ac X n n n 2¢ _ -b- 2:4ac X"
b(-b-vb?-4ac| (-b-+b?-4ac)’
+ +
2c 2c
-3/n
x" 3 3 -3+n -b++vb?>-4ac
1- Hyper‘geometr‘icZFl[—f,—f, ’ y — ’ }/
_ —b+y/b’-4ac Y n n n 2¢ _ —b+y/b’-4ac vy
2c 2c
b(-b+vb?-4ac| (-bsiyb2-dac)’ 1
+ b2 f x3
2c 2c a(-b*+4ac)n
-3/n
X" . 3 3 -34+n -b-+/b%-4ac
1- Hypergeometric2F1[- =, - =, , - ] /
_ -b-n/b’-4ac XD n n n 2 ¢ _ -b-n/b’-4ac i~y
2c¢c 2c
b(-b-vb?-4ac| (-b-b?-4ac)’
+ +
2c 2c
-3/n
x" 3 3 -3+n -b++/b%2-4ac
1- Hypergeometric2F1[- =, - =, ML : }/
_ -b/b’-4ac XN n n n 2¢ _ -b+y/b’-4ac X
2c 2c
b(-b+Vb-4ac| [-bibl-4ac]’ 1
+ + 2¢cFx3

2c 2c

(—b2+4ac) n

| 19
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I

-3/n
& i 3 3 -3#n b-vbZ-dac
1- HYPer‘geometrlczFl[- z, -2, L
2c o
2
o (b VBT gac) (b o dac]
* +
2c¢C 2 ¢
-3/n
XN ) 3 3 -3+n -b+Vb*-4ac
1- Hyper‘geometr‘1c2F1[f—J -z, L
‘@*X” o 2¢ _@MH
‘ C

b (—b+\/b2—4ac) (—b+\/b2—4ac )2

+ —

2c¢C 2c¢C

-2/n

1 2_2m 1 x"
bcex?®n (x”)n no| -

2a (-b*+4ac) Vb2-4ac | -b-[br-aac

2c

2 -2+n -b-+/b?-4ac

2
Hypergeometric2F1[- =, - =, , - ]+

2¢ b-\/b*-4ac +x"

B 2c

+x"

1

Vvb2-4ac

-2/n

x" 2 2 -2+n -b+vVb2-4ac

2c 2c

-b+y/b*-4ac iy n n n 2 ¢ ( -b+y/b2-4ac X

Hypergeometric2F1[- =, - =, , - I+

-2/n
1 2 2 1 X" ]
" bcex®" (x")« |- Hypergeometric2F1|
a(-b?+4ac)n Vb?-4ac | bofbrdac
2c
-2/n
2 2 -2+n -b-+/b?-4ac ] 1 X"
I ] y +
n.n n ¢ | sbm/brsac +x”) Vb*-4ac | -befordac  oq
2c 2c
. 2 -2+n -b++vb2-4ac 1 y
Hypergeometric2F1[- =, - =, - iE b2 e x

n n n 2 ¢ {_ -bsy/b?-4ac
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-2/n
X" 2 2 -2+n -b-+Vb’-4ac
1- HypergeometricZFl[f*,f*, > - ] /
2c 2c
2
b(fb—\/m) (—b—\/m)
+ +
2c 2c
-2/n
X" 2 2 -2+n -b+/b%2-4ac
1- Hypergeometric2F1[- =, - =, s - ] /
2c 2c
2
b(—b+Vb2—4ac) (—b+Vb2—4ac) 1
N - 2cex?
2c¢ 2c¢c -b?+4ac
-2/n
X" 2 2 -2+n -b-+b?-4ac
1- Hypergeometric2F1[-—, - =, ’ - ] /
2c 2c
2
b(fb7Vb274ac) (7b7Vb274ac)
+ +
2c 2c
-2/n
X" 2 2 -2+n -b++vb2-4ac
1- Hyper‘geometr‘icZFl[f—,f—, > - } /
_-bufbrdac  oq n n n 2c | bnlb’dac  n
2c 2c
2
b(fbm/m) (7b+\/m) 1
N - b? e x?
2¢ 2¢ a(-b2+4ac)n
-2/n
X" 2 2 -24+n -b-+vb%2-4ac
1- Hypergeometric2F1[- =, - =, ’ - ] /
-b-y/b*-4ac oD n n n 2¢ _ -b-y/b’-4ac vy
2c¢c 2c

b (—b—\/b2—4ac) (—b—\/b2—4ac )2

+ +

2cC 2c¢C
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-2/n
x" 2 2 -2+n -b++/b?-4ac
1- Hypergeometric2F1[- =, - =, > - ] /
2c 2c
2
b(-b+vVb?-4ac| (-b+Vb?-4ac| 1
+ + 2cex?
2c 2c (-p?2+4ac)n
-2/n
X" ) 2 2 -24n b-/b>-4ac
1- Hypergeometr‘1c2F1[—*,f*, > = ] /
_-bfbidac  oq n n n 2c | b aac
2c 2c
2
b(fbfx/m) (7b7\/m)
+ +
2c 2c
-2/n
x" 2 2 -2+n -b++vb?>-4ac
1- Hypergeometric2F1[- =, - =, s - ] /
2c 2c
2
b(—b+\/b2—4ac) (—b+\/b2—4ac)
. -
2c 2c
-1/n
1 1 14n 1 x"
——————bcdx*" (x")a |-
a(-btrdac) VB dac | wvase
2c
. 1 1 -1+n -b-+b?-4ac 1
Hypergeometric2F1[- =, - =, y - |+
n n n -b-v/b*4ac n Vb2-4ac
2c |- e + X
-1/n
x" 1 1 -1+n -b++/b?-4ac

Hypergeometric2F1[-~, -

b » - ] +
—b++/ b2- n n n _ 2
_ zb+y/b’-4ac L xP 2¢ (_ b+y/b*-4ac N

2c

-1/n
1 1 e 1 x"
bedx™ (x") |- Hypergeometric2Fi |
a(-b?+4ac)n Vb2-4ac | -bfvraac

+x"
2c
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-1/n
1 1 -1+n -b-+b%-4ac ] 1 X"
- g » - +
nonon 2¢ _JLiEz;;+Xﬂ Vb?-4ac | _-befbiaac
2c 2c
) 1 1 -1+n -b++vb?-4ac 1 5
Hypergeometric2F1[- =, - =, , - ]|+ b2 d x

nn n )e [_ b /b2 aac +x”) a(-b2+4ac)

-1/n
X" 1 1 -1+n ~b-+Vb>-4ac
1- Hypergeometric2F1[- =, - =, ’ - ] /
2c 2c
2
b(fb7VBTTZE€j (7b—VBTTI§?)
+ +
2c 2c
-1/n
X" 1 1 -1+n -b+vVb2-4ac
1- Hypergeometric2F1[- =, - =, s - ] /
2c 2c
2
b(*bJr\/m) (7b+m) 1
. . 4cdx
2¢ 2¢ -b%2+4ac
-1/n
X" . 1 1 -1+n -b-+/b%-4ac
1- Hypergeometric2Fl [— >~ > - ] /
2c 2c
2
b(—b—Vb2—4ac) (—b—Vb2—4ac)
+ +
2c 2c
-1/n
X" 1 1 -1+n -b++vb?-4ac
1- Hypergeometric2F1[- =, - =, > - ] /

2c¢C +xn
2c

2c

b(-b+vb?-4ac| (-biyb?-dac)’ 1 i
- b-dx
2¢ i 2¢c a(fb2+4ac)n
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-1/n
N 1 1 -1+n -b-+vb%-4ac
1- Hypergeometric2F1[- =, - =, ’ - ] /
2c 2c
2
b(-b-Vb?-aac| [-b-\b?-aac)|
+ +
2c 2c
-1/n
X" 1 1 -1+n -b+vVb2-4ac
1- Hyper‘geometr‘iCZFl[f*, - > - } /
2c 2c
2
b(-bivb-aac) [b:yb?-aac| 1
+ + 2cdx
2¢ 2¢ (-b?2+4ac)n
-1/n
X" . 1 1 -1+n -b-+/b%-4ac
1- Hyper‘geometr‘lczFl{— T~ > = ] /
2c 2c
2
b(—b—\/b2—4ac) (—b—\/b2—4ac)
+ +
2c 2c
-1/n
N 1 1 -1+n -b++vb?-4ac
1- Hypergeometric2F1[-~, - =, s - ] /
c C

b (—b+\/b2—4ac) (—b+\/b2—4ac )2

+

2c¢C 2c¢C

Problem 9: Result more than twice size of optimal antiderivative.
J“d +rex+fx2+gx®

dx
(a+bx“+cx2“)2

Optimal (type 5, 1654 leaves, 33 steps):

dx(b2—2ac+bcx") exz(bz—Zac+bcx”)

a(b2—4ac)n(a+bx”+cx2”) +a (b2—4ac)n(a+bx“+cx2“) '
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fx3 (b2-2ac+bcx") gx* (b2-2ac+bcx")
+

a(b’-4ac)n(a+bx"+cx?") a(b’-4ac)n(a+bx"+cx?")

(cd (4ac (1-2n)-b*> (1-n) -b/b*>-4ac (1-n)
R YR P

(cd(4ac(12n)b2 (1-n) +b+/b*-4ac (1-n)
1+1,—L]]/[a (b>-4ac) (b2—4ac+bxlb2—4ac]n)—

x Hypergeometric2Fi|1,

1
x Hypergeometric2F1 [1, -
n

N b+vVb?-4ac

(ce (4ac (1-n)-b?(2-n)) x* Hypergeometric2F1[1, E, 2+n) - 2cxt ]]/
non b-+b2-4ac

(a (b*-4ac) [b274acfbm nl_

n

ce(4ac (1-n)-b>(2-n)) x*Hypergeometric2F1[1, E, 2+n’ - 2cx ]]/
non b+vb2-4ac

(a (b*-4ac) [b274ac+bm nl -

(Zcf (2ac (3-2n) -b® (3-n)) x> Hypergeometric2F1|1, 2, 3+n, - 2cxt }]/

no.n b-vVb*-4ac
(Ba(b2—4ac) [b2—4ac—bm)n -
(Zcf (2ac (3-2n) -b? (3-n)) x> Hypergeometric2F1|1, 3 30 2cx! }]/
non b+Vb-4ac
(3a(b274ac) (b274ac+bm) n),
n

(cg (4ac (2-n) -b> (4-n)) x* Hypergeometric2F1|1, ﬂ, 4”‘, _ 2¢x ]]/
non b-+b2-4ac

(2a(b2—4ac) [b274acfbm) n),

(cg (4ac (2-n) -b? (4-n)) x*Hypergeometric2F1[1, i, 4+n, - 2cxt ]J/
non b+vVb-4ac

2a(b’-4ac) [b®’-4ac+b+/b>-4ac|n|-
| | Vi -sac )

) ) . n 2cx"
2bc?e (2-n) x*""Hypergeometric2F1[1, —, 2 (1+*], -] /
n n b-Vb2-4ac
(a (b2—4ac>3/2 (b—xlb2—4ac]n(2+n))+
) ) . 2+n 2cx"
2bc?e (2-n) x**"Hypergeometric2F1[1, —, 2 (1+*], —_ /
n n b+vb?-4ac

(a (b274ac>3/2 (b+m] n (2+n)) _
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2bc?f (3-n) x**"Hypergeometric2F1[1, ", 2+ %, -2 ]

n b~/b>dac

+

a (b2—4ac)3/2 (b—\/b2—4ac ) n(3+n)

2bc?f (3-n) x**"Hypergeometric2F1[1, ", 2+ %, e

n b+v/b%-4ac

a (b274ac)3/2 (b+\/b274ac ) n(3+n)

e . 4+n 2)  2exr
2bc?g (4-n) x Hyper‘geometr‘lCZFl[l, » 2|1+ —, }
n n b-Vb%-4ac

(a (b274ac>3/2 (b—x/b274ac ] n (4+n)) +

4+n 2 2cx"
(Zbczg (4 -n) x*" Hyper'geometr‘iCZFl[l, %, 2 (1+ —] , —b—} ]/
n

n Vb2-4ac
(a (b2—4ac)3/2 (b+x/b2—4ac]n(4+n))

Result (type 5, 8737 leaves):

b2 e x? 2cex? b2 e x? 2cex?
2a? (-b?2+4ac) _a(—b2+4ac) _a2<—b2+4ac)n+a(—b2+4ac)nJr
e(2b’-4ac-b?’n+4acn)x? b2 f x3 4cfx3

2a% (-b?+4ac)n +3a2 (-b?+4ac) 73a(—b2+4ac)

b2 f x3 2cfx3 f(3b2-6ac-b>n+4acn)x®
a2(7b2+4ac)n+a(fb2+4ac)nJr 3a? (-b?+4ac)n '

b2 g x* cgx* b2 g x* . 2cgx? .

4a2(—b2+4ac) a(—b2+4ac) az(—b2+4ac)n a(—b2+4ac)n

g (4b?-8ac-b’n+d4acn)x* x(d+ex+fx?+gx?) (-b?+2ac-bcx")

. _
43 (-b>+4ac)n a(-b2+4ac)n(a+bx"+cx?")
-4/n
1 4 4 1 x"
bch4+n (Xn>;-T _
4a(-b>+4ac) Vb?-4ac | -bfpraac g
2c
. 4 4 -4+n -b-+/b%2-4ac 1
Hypergeometric2F1[- —, - —, - ]+
n n n 2c | blbdac  q Vb?-4ac
2c
-4/n
x" . 4 4 -4+4n -b++/b2-4ac
Hypergeometric2F1[- —, - —, , - I+

+xn
2c 2c

—b+~/ b2- n n n B 2
_ -b+y/b°-4ac LD ZC( b+y/b°-4ac



Mathematica 11.3 Integration Test Results for 1.2.3.5 P(x) (d x)"m (a+b x~n+c x~(2 n))~p.nb

-4/n
4_&n 1 x"
begx*" (x")n |- Hypergeometric2F1|
a(-b*+4ac)n Vb2 -4ac | bofviaac .
2c
-4/n
4 4 -4+n -b-+b2-4ac ] 1 x"
I R y +
n n n 2¢ |- -b-+/b%-4ac XD Vb2-4ac -b+y/b%-4ac XN
2c 2c
. 4 4 -44n -b++vb?>-4ac 1 N
Hyper‘geometr‘1c2F1[—f, - > - } + 3 b° g x
nn n 2c[b+/sz4“ o 4a(-b*+4ac)
C
-4/n
x" . 4 4 -4+n -b-+/b’>-4ac
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Problem 17: Result more than twice size of optimal antiderivative.
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Summary of Integration Test Results

17 integration problems

A - 8 optimal antiderivatives

B - 8 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - Ointegration timeouts



